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Let D be any infinite compact subset of R. An n-dimensional subspace M 
of C(D), n > 1, is a Haar space, if every nontrivial element of M has at most 
n - 1 zeros in D. A system of functions uj E C(D), j = I,..., n, is a Haar 
system (Chebyshev system), if its span is an n-dimensional Haar space. 
A system u1 ,..., u, is a Markov system, if u1 ,,.., U, is a Haar system for 
m = I,..., n. (There is some lack of agreement in the literature as to which 
name should denote which system). 
If D is a proper subset of fi C R, and J? is a Haar space on D, then the 
restrictions of the elements of ii?l to D form a Haar space M C C(D). We call 
ii? a proper extension of M. 
We state the following two problems: 
(1) Does every Haar space have a Markov basis (that is a basis which 
is a Markov system) ?
(2) Does every Haar space have a proper extension ?
Both questions have negative answers. In 1958, Volkov [3] gave an example of 
a Haar space on [a, 61, a < b, which cannot be extended to a Haar space on 
[a, b] u {c}, where c is any point outside [a, b], and hence has no proper 
extension at all. Later Kiefer and Wolfowitz [2] showed that the Volkov 
space has no Markov basis. 
Both conjectures are true for n = 1, 2, and the Volkov example has 
dimension n = 3. This space consists of piecewise analytic functions, and the 
proof in [2] is not very appealing, although elementary. In the following we 
give a Haar system of analytic functions which provides negative answers 
for both questions. The proof is based on some simple geometric facts. 
LEMMA 1. Every Haar space contains a positive function. 
* This work was performed at the University of Minnesota in 1969/70. 
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Proof. See, e.g., [l, p. 28, Theorem 5.11. 
LEMMA 2. Let M be an n-dimensional Haar space on D, and let #l be a 
proper extension on D = D v D, , D, n D = JZ, where D, contains at least 
n distinct points. Then M has a basis, every permutation of which is a Markov 
system. 
Proof. Let t, ,..., t, be n distinct points of D, , and let u1 ,..., u, be a 
basis of I@. The matrix (uj(tk)) is nonsingular since J? is a Haar space. Let 
(pjk) be its inverse. The system a1 ,..., a,, where ui = Cpjkuk , satisfies 
uj(tl) = aj, , j, 1 = l,..., n. 
Now any nontrivial linear combination of m different uj has at least n - m 
zeros in D, and at most n - 1 zeros in D, hence at most m - 1 zeros in D. 
Similarly one can prove the following. 
LEMMA 3. Let M be an n-dimensional Haar space on D, and let ii?i be a 
proper extension on D = D u D1 , D, n D = a, where D, contains q 
distinct points, 1 < q < n - 1. Then there are Haar spaces M, , dim M, = p, 
p = n - q ,..., n - 1, with M3 MnW1 1 ... 1 M,-, . 
According to Lemma 1 the existence of M, implies the existence of MI, 
hence n - 2 points in D, ensure the existence of M 1 Mnel 1 ... I) M, r> MI . 
Let M be a subspace of C[a, b] with basis u1 ,..., u, . We introduce an 
n-dimensional euclidean space Rn and interpret M as a curve g in R” by 
i?(t) = Mt),..., %W). 
Obviously we have (with appropriate counting of multiple points) 
LEMMA 4. M is a Haar space, if every hyperplane containing the origin 
intersects g in at most n - 1 points. 
Since a Haar space contains a positive function, from now on we can 
assume ul(t) = 1. Then the image of g is in the hyperplane u1 = 1. 
LEMMA 5. Let M be a Haar space. Thefollowing statements are equivalent: 
(1) M has a proper extension. 
(2) M contains a Haar space of dimension n - 1. 
(3) There is a point P E R”, such that every hyperplane containing P 
and the origin intersects g in at most n - 2 points. 
Proof. The equivalence of (1) and (3) is quite obvious in view of Lemma 4, 
and from Lemma 3 we infer that (1) implies (2). Now assume (2) with a Haar 
space H C M, dim H = n - 1. The elements ollul + e.3 + or+,, of H corre- 
spond to the hyperplanes cylul + ..* + (Y+, = 0 in R”, and the coefficients 
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cyj are subjected to one nontrivial linear condition (or p1 + .*a + cy, pn = 0; 
that is, all hyperplanes corresponding to elements of H contain the point 
p = (PI ,‘.‘, p,), and every hyperplane containing P represents an element 
of H. Since His a Haar space, each hyperplane intersects g in at most n - 2 
points. 
For n = 3, using u1 = 1, (3) can be restated as 
(4) In the plane u1 = 1 there is a point P’ (possibly at infinity) such that 
every member of the line bundle containing P’ intersects g in at most one 
point. 
THEOREM 6. The system of functions on [0, 3~/2] defined by 
4(t) = 1, 
u2(t) = cos t + sin t - 4 cos 2t, 
us(t) = cos t - sin t + + sin 2t 
generates a Haar space without proper extension and without a 2-dimensional 
Haar subspace. 
Proof. Another basis of the space is given by 
Ul - %, v2 = 2u, - u1 ) 03 = 2u, . 
We have 
v2(t) 7 2 cos t - 2 sin t + 2 sin t cos t - cos2 t - sin2 t 
= (2 - Cos t + sin t)(cos t - sin t) 
= 2(2/T - * dZ COS t + & d2 sin t)(+ 42 cos t - & & sin t) 
= 2 (dZ - cos (t + $)) cos (t + 4) ) 
and similarly 
v&t) = 2 (z/z - COS (t + T)) sin (t + F) . 
Substituting s = t + 7714, we get the equivalent system 
VI(S) = 1, 
v2(s) = 2(l& - cos s) cos s, (T/4) < s < (77r/4), 
Q(S) = 2(fi - cos s) sin s. 
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The image of g is now an arc of a Pascal limacon r(s) = 2d/2 - 2 cos S, 
located in the plane u1 = 1. The values s = z-/4, s = 73~/4 of the parameter 
correspond to the two points of the limacon having a common tangent (the 
image of g is the intersection of the limacon and the boundary of its convex 
hull). Every straight line in u1 = 1 intersects g in at most two points, hence 
aI , uz , uQ span a Haar space. But property (4) does not hold. Hence this space 
has no proper extension, does not contain a Haar space of dimension 2 and 
has no Markov basis. 
There are still some open questions, e.g., whether the existence of a Markov 
basis implies the existence of a proper extension with n - 2 additional points 
(a counterexample would require IZ > 4), and what are the conditions for 
the existence of a proper extension with D being an interval. 
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